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Abstract 
Cahill-Glauber C(s)-correspondence is employed to construct Quasi-Probability Distribution Functions 
(QPDFs) for optical-polarization in phase space following equivalent description of polarization in Classical 
Optics. The proposed scheme provides pragmatic insights as compared to obscure SU (2) quasi-distributions on 
Poincare sphere. QPDF (Wigner function) of bi-modal quadrature coherent states is evaluated and numerically 
investigated to demonstrate the application. 
Keywords: Optical-Polarization, Index of Polarization, Light-Polarization in Phase Space 
1. Introduction 
Polarization in Optics is an age-old concept discovered by Danish Mathematician E. 
Bartholinus and interpreted by Dutch Physicist C. Huygens while investigating birefringence 
in Quartz crystal1. Classically, optical-polarization is defined as the temporal-evolution of tip 
of electric field vector (light vector), which, in general, traverses an ellipse of non-random 
eccentricity and orientation2. On varying ‘ratio of amplitudes’ and ‘difference in phases’ 
(characteristic parameters for optical-polarization3) of the components of electric field vector, 
at any spatial point, along transverse orthogonal bases of description, the polarization-ellipse 
degenerates into various states of polarization such as linear and circular polarizations. 
Several techniques such as Stokes-parameters, Jones matrix, Mueller matrix and Coherency 
matrix4 have been devised to quantify optical-polarization. Due to feasibility of the 
experimental measurements and its generalization through operatic-modification in quantum-
domain5, Stokes-parameters are still affording operational-characterization for polarization of 
light in quantum optics.  
Theory of optical-polarization is generally dealt with two extreme cases: Perfect 
polarized light and Unpolarized light. In between these extremities there exist infinitely many 
2 
 
partial optical-polarized states. Until 1970’s confusions regarding poignant definition of 
unpolarized light prevails. In 1971 Prakash and Chandra6, and independently Agarwal7, 
discovered the structure of density operator for unpolarized light (natural light) providing its 
complete statistical description. Lehner et al.8 and others9-10 re-visited unpolarized light 
offering some new insights. The authors in Ref.6 demonstrated that the characterization of 
optical-polarization by Stokes parameters is inadequate for they encompass only linear 
interaction between optical field-modes and, thus, rendering only second-order effects in 
optical-polarization. Insufficiency of these parameters is critically observed in recent 
studies11-12.  
Mehta and Sharma13 defined perfect polarized state of a plane monochromatic light by 
demanding vanishing amplitude in at least one orthogonal polarized mode after passing 
through a compensator (phase-shifter) followed by a rotator (polarizer). Such a polarized 
optical field is truly a single-mode field (having no signal in orthogonal mode) described by 
single random complex amplitude (CA). A criterion14 for perfect optical-polarization state 
with the help of ‘index of polarization’ (IOP) is set up by the ratio of CAs in two transverse 
orthogonal bases-modes of which non-random values provide ‘ratio of real amplitudes’ and 
‘difference in phases’, characteristic parameters for polarized light3.  
Stokes operators characterizing optical-polarization, offering analogous mathematical 
appearance as Jordan- Schwinger spin- angular momentum15, obeys SU (2) Lie algebra. 
Tracing these sorts of similarities Luis16 deduced the SU(2) Q-quasi distribution function 
over Poincare sphere for describing optical-polarization and defining degree of polarization 
in Quantum Optics by introducing abstract notion of distance from the Q-QPDF of 
unpolarized light to that of quantum states in question. Karassiov9,17 has critically emphasized 
that Stokes operator describing optical-polarization states found distinct kind of Hilbert space 
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for its operation compared to that of spin-angular momentum. The preceded discussion 
demands afresh description of optical-polarization.  
              The aim of present paper is to derive QPDF, especially Wigner function, with the aid 
of C(s) correspondence rule discovered by Cahill and Glauber in 1969. The presentation is 
organized as follows: in Section 2 basics of IOP are reviewed. Section 3 deals with Transiting 
operator which governs the transition from Hilbert space to Phase space. QPDF (Wigner 
distribution function) of bi-modal quadrature coherent states of light is evaluated in Section 4. 
2. Index of Optical-Polarization 
 A plane monochromatic unpolarized optical field propagating along z-direction can, 
in general, be described by vector potential,	ऋ (analytical signal), 
 					ऋ = (܍ො୶ܣ୶ + 	܍ො୷ܣ୷)eି୧ψ , ܣ୶,୷=A଴୶,଴୷	e୧ம౮,౯,                (1) 
where ψ = 	ωt − kz, ܣ୶,୷	 are classical CAs, A଴୶,଴୷ are real amplitudes possessing, in general, 
random spatio-temporal variation with angular frequency, ω, ϕ୶,୷ (phase parameters) may 
take equally probable random values in the interval 0 ≤ ϕ୶,୷ < 2π in linear polarization-basis (܍ො୶,܍ො୷), k (= k܍ො୸) is propagation vector of magnitude k, and ܍ො୶,୷,୸ are unit vectors along 
respective x-, y-, z-axes forming right handed triad.  
Light may be said to be polarized only when the ratio of CAs must keep non-random 
values, i.e., ܣ୷ ܣ୶⁄  = p, a non-random complex parameter defining ‘index of polarization’ 
(IOP)14. Clearly, polarized optical field is a single mode field as only one random CA suffices 
for its complete statistical description (other orthogonal CA is specified by p). If one 
introduces new parameters A଴ (real random amplitude), χ଴ (polar angle), Δ଴ (azimuth angle), 
ϕ (random phase) on a Poincare sphere, satisfying inequalities 0 ≤ A଴, 0 ≤ χ଴ ≤ π, −ߨ <
Δ଴ ≤ ߨ, 0 ≤ ϕ < 2ߨ, respectively, and preserving transforming equations in terms of old 
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parameters,	A଴ = (A଴୶ଶ + A଴୷ଶ )ଵ ଶ⁄ ;	χ଴ = 2 tanିଵ A଴୷ A଴୶)⁄  and Δ଴ = ϕ୷ − ϕ୶; ϕ =(ϕ୶ + ϕ୷) 2⁄ , the analytic signal, ऋ, Eq. (1), finds an instructive compact form 
  ऋ = 		 ઽො଴ࣛ; ࣛ = ܣeି୧Ψ; ܣ	= A଴	e୧ம, 
     ઽො଴ = 	 ܍ො୶cos χబଶ eିΔబ ଶ⁄ + 	܍ො୷sin χబଶ eିΔబ ଶ⁄ .                (2) 
The Eq. (2) may be interpreted as the single mode polarized optical field, statistically 
described by single CA, ܣ	and polarized in the fixed direction, ઽො଴ determined by non-random 
angle parameters χ଴ and Δ଴ in the Poincare sphere specifying the mode,	(ઽො଴, k). The complex 
vector ઽො଴ is a unit vector (ઽො଴∗ . ઽො଴ = 1) giving expression of IOP, p = 	 tan χబଶ 	e୧Δబ . Obviously, 
the state of polarization of light is specified by the non-random values of p, which, in turn, is 
fixed by non-random values of χ଴ and Δ଴ defining a point (ઽො), in the unit Poincare sphere, 
similar to Stokes parameters. All typical parameters in ellipsometry such as major axis, minor 
axis and orientation angles of the polarization-ellipse can be determined if p of optical field 
and one CA are specified. In elliptic-polarization basis (ઽො, ઽොୄ)18 such polarized light (Eq. 2) 
retain IOP, p(ઽො,ઽො఼), another non-random parameter showing vivid dependence on ઽො૙, 
        p(ઽො,ઽො఼) = ܣઽො఼ ܣεො =⁄ 	 ઽො఼∗ .ઽොబઽො∗.ઽොబ ,			                    (3) 
where ઽොୄ is orthogonal complex unit vector to ઽො, i. e. ઽො∗. ઽො = 	 ઽොୄ∗ . ઽොୄ = 1, 	ઽොୄ∗ . ઽො = 0.  
           In Quantum Optics the optical field, Eq. (1) is described by operatic-version of vector 
potential operator,  
      ऋ෡ = ቀଶగ
ఠ௏
ቁ
ଵ/ଶ [(܍ොx aො୶+ ܍ොy aො୷)eି୧ψ + h. c.], 
             = ቀଶగ
ఠ௏
ቁ
ଵ/ଶ [(ઽො aොઽො+ઽොୄ aොઽො఼)eି୧ψ + h. c.],                (4) 
in linear-polarization basis (܍ො୶,܍ො୷) or in elliptic-polarization basis (ઽො , ઽොୄ), respectively, 
where ω is angular frequency of the optical field and V is the quantization volume of the 
cavity, h.c. stands for Hermitian conjugate. Using orthonormal properties of ઽො	(= ε୶܍ොx + 
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ε୷܍ොy) and ઽොୄ(= εୄ୶܍ොx + εୄ୷܍ොy) the annihilation operators aොઽො (aොઽො఼) are related with those in 
linear-polarization basis	(܍ො୶,܍ො୷) by, 
    aොઽො  = ε୶∗ 	aො୶ + ε୷∗ 	aො୷, aොઽො఼ = εୄ୶∗ 	aො୶ 	+ 	εୄ௬∗ 	aො୷,                      (5) 
satisfying usual Bosonic-commutation relations. By demanding non-random values of all 
multiple powers of positive integer, say, n of ratio of CAs	 except n = 1(Eq.3) the concept of 
Higher-order optical-polarization has been introduced19. Moreover, the Glauber coherence 
functions20 describe correlation properties of optical-field at any spatio-temporal point, 
providing interference effects, are given by, 
       Γ(୫౮,୫౯,୬౮ ,୬౯	)= Tr[ρ(0)ࣛመ୶(ି)୫౮ࣛመ୷(ି)୫౯ࣛመ୶(ା)୬౮ࣛመ୷(ା)୬౯]  (6) 
where ρ(0) is density operator describing dynamical state of optical field. Setting the 
condition on quantized complex amplitudes in Eq.(4),  
           aො୷(t)ρ(0) = p aො୶(t)ρ(0),	                                       (7) 
where p is IOP for polarized light, one obtains after inserting Eq.(7) into (6), 
         Γ(୫౮,୫౯,୬౮,୬౯	) = p∗୫౯p୬౯Γ(୫౮ା୫౯,଴,୬౮ା୬౯	,଴)                    (8) 
which describes correlation properties of single-mode optical-polarization state. Clearly, 
Glauber coherence function, Eq.(8) is determined by p (IOP) and one of quantized complex 
amplitudes aො୶(t). Notably, since, Eq.(7) gives the coherence function for polarized light, 
Eq.(7) may be regarded as quantum analogue of classical criterion Ay = p Ax for optical- 
polarized field. Conclusively, one may infer that the concept of index of optical-polarization 
reduces bimodal description of optical-polarization into mono-modal if indices are provided. 
3. Transiting Operator 
In Classical Optics, optical-polarization is described by superposition of two 
transverse harmonic oscillators of same frequencies endowed with non-random values of 
‘ratio of real amplitudes’ and ‘difference in phases’. The parametric equations for CAs are  
αx(Ax) = A0 cos(χ଴/2) exp( iφx)  and αy(Ay) = A0 sin(χ଴/2) exp( iφy), (9) 
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where A02 (=⃓αx⃓2 + ⃓αy⃓2) is intensity of light. Obviously the IOP, 
 p = αy / αx = tan χబଶ 	e୧Δబ  ,                   (10) 
In quantum optics the roles of classical CAs (αx,y) of optical field is taken by Bosonic 
annihilation operators (aො୶,୷) for quantized complex amplitudes of each transverse quantum 
oscillators of same frequencies which bear the relationship, 
 aො୷ ρ = p aො୶ ρ                       (11) 
to describe perfect polarized light (cf. Eq.7). 
Cahill-Glauber21 introduced C(s) correspondence between bounded operators and its 
weight functions. Accordingly, the dynamic state of a single harmonic oscillator of classical 
complex amplitude, α is described in quantum theory by its density operator, ρො in Hilbert 
space of which description in phase space is governed by QPDF W(α, s) such that  
       W(α, s) = Tr[ ρො t̂ (α, s)]                              (12) 
where t̂ (α, s) are Kernel-operators, defined as complex Fourier transform of the s-ordered 
displacement operators D (α, s), given by, 
          t̂ (α, s) = ∫D෡	(ξ, s) exp(αξ*-α*ξ) π -1 d2ξ .         (13) 
Here D෡ (ξ, s) bears the relation with ordinary unitary displacement operator, D෡ (ξ), D෡ (ξ, s) = D෡ (ξ) exp(s ⃓ξ⃓2/2),   (14) 
Simple algebraic manipulation provides expression for, t̂ (α, s) as 
t̂ (α, s) = ቀ ଶ
ଵିୱ
ቁ  D෡ (α) ቀୱାଵ
ୱିଵ
ቁ
ୟො಩ୟො	
 	D෡ற (α),    (15) 
or, in equivalent separable form as 
          t̂ (α, s) = ቀ ଶ
ଵିୱ
ቁ expቀିଶ	⃓α⃓
మ
ଵିୱ
ቁ expቀଶ	α	ୟො
಩
ଵିୱ
ቁ :expቀିଶୟො
಩ୟො	
ଵିୱ
ቁ: expቀଶ	α
∗	ୟො
ଵିୱ
ቁ,                (16) 
where : : represents normal ordering, (see Eqs.(I.6.23) and (I.6.33) in Ref.21). The phase 
space description of the two independent transverse harmonic oscillators may, 
correspondingly, be transited by operator T෡ (αx, αy s) defined to be 
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T෡ (αx, αy s) = 	t̂ (αx, s)	t̂ (αy, s),   (17a) 
insertion of Eq. (16) into Eq.(17) for each oscillators one obtains expression for transiting 
operator,         
 T෡ (αx, αy, s) = ቀ ଶଵିୱቁଶexpቀିଶ(|α౮|మ	ା	หα౯หమ)ଵିୱ ቁexp൬ଶ	(α౮	ୟො౮಩ା	α౯	ୟො౯಩)ଵିୱ ൰	   
          :expቀିଶ	(	୬ෝ౮	ା			୬ෝ౯	)
ଵିୱ
ቁ: expቀଶ	(α౮∗	ୟො౮	ା	α౯∗	ୟො౯)
ଵିୱ
ቁ,                            (17b) 
Eq.(17b) may be regarded as Transiting Operator (TO) which governs projection of density 
operator ρ for two independent transverse oscillators from Hilbert space to Quantum Phase 
space. 
4. Phase Space Description of Bi-modal Quadrature Coherent States 
 
Since polarization of optical field is characterized by IOP, p, Eq.(10) in Classical 
Optics, the operator, Eq.(17b) which facilitates the mapping provided by Eq.(12) yields the 
form, 
T෡ (αx, pαx, s) = ቀ ଶଵିୱቁଶexpቀିଶ൫	ଵା	|୮|మ൯|α౮|మ	ଵିୱ ቁ exp൬ଶ	α౮	(ୟො౮಩ା	୮ୟො౯಩)ଵିୱ ൰  
                                         :expቀିଶ	(	୬ෝ౮	ା			୬ෝ౯	)
ଵିୱ
ቁ: expቀଶ	α౮
∗(	ୟො౮	ା	୮∗	ୟො౯)
ଵିୱ
ቁ.                                   (18) 
Let us derive QPDF utilizing Eq.(18) by considering light in the quadrature coherent state 
described by density operator ρො, 
                                                        ρො = |β,γ〉〈β, γ|              (19) 
where quadrature oscillators are described by classical amplitude β and γ. The application of 
Eq.(7) gives IOP, q as 
        q = γ /β= tan(θ/2) ei δ ,             (20) 
after parametrizing β and γ as  
β= B0 cos(θ /2) exp(-iδ/2 + iφ); γ= B0 sin(θ /2) exp(iδ/2 + iφ),  (21) 
insertion of Eq.(19) along with (20) and (10) for indices of polarization in (12) yields, after 
use of (18) and simple manipulation, s-parametrized QPDF as 
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W(|α୶|, |β|, s) = ൻβ	γหT෡	(α୶, pα୶, s)หβ	γൿ 
      = ቀ ଶ
ଵିୱ
ቁ
ଶ
expቀିଶ	|α౮	ି	β|మ	
ଵିୱ
ቁ exp൤ ଶ
ଵିୱ
{−ቀ|α୶|	tan	(χబଶ ) 	+ |β|	tan	(θଶ)ቁଶ+  
 tan	(χబ
ଶ
)	tan	(θ
ଶ
) (ඥα୶β∗e೔(Δబషδ)మ + 	c. c. )ଶ}൨          (22) 
Eq. (22) is Gaussian and may be shown to satisfy normalization condition for being QPDF. 
Eq. (22) may be integrated over intensity (which decides the radius of Poincare sphere) 
yielding QPDF on Poincare sphere. Similar calculation for quadrature coherent state of equal 
amplitudes is obtained by Klimov et.al.22.  
Considering s = 0 in Eq.(22) Wigner distribution function can be obtained. Winger 
distribution is plotted against the variation of phases (arg α) at the fixed value of amplitude of 
optical field, which has Gaussian shape (Figs.1a, b). It is also shown how Wigner distribution 
changes with the amplitude of light on some fixed value of phases (Fig.2 c, d) 
 
 
Fig.1 Wigner distribution (s=0) exhibiting dependences on the various phases, arg α with fixed value of, (a) 
|α|=5; p=q= 0.0049(1+i); β=2 eiπ/2 (b) |α|=5; p=q= 2-1/2(1+i) ; β=20-1/2 e୧	୲ୟ୬షభ(ଶ) 
 
 
Fig.2 Wigner distribution (s=0) exhibiting dependences on the variation of |α| with fixed value of, (c) arg α = 
π/4; pc=pq= 0.0049(1+i); β=2 eiπ/2 (d) arg α = π/2; pc=pq= 2-1/2(1+i) ; β=20-1/2 e୧	୲ୟ୬షభ(ଶ) 
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